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Abstract 

In this work we compute the Chen-Ruan cohomology and the stringy Chow ring of the 
moduli spaces of smooth and stable n-pointed curves of genus 1. We suggest a definition for an 
Orbifold Tautological Ring in genus 1, which is both a subring of the Chen-Ruan cohomology 
and of the stringy Chow ring. 
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1 Introduction 

Motivated by physics, Chen-Ruan cohomology was introduced in the paper [7] in the analytic 
category, and in the two papers by Abramovich-Graber-Vistoli [I] and [2] in the algebraic 
category. This has produced two parallel objects: the Chen-Ruan cohomology and the stringy 
Chow ring, which provide the basis to develop the quantum cohomology ring of an orbifold. 
This cohomology ring recovers as a subalgebra the ordinary rational cohomology ring of the 
topological space that underlies the orbifold. As a vector space, the Chen-Ruan cohomology 
of X is simply the cohomology of the Inertia of X. If X is an orbifold, its Inertia I(X) is 
constructed as the disjoint union, for g in the stabilizer of some point x of X, of the locus 
stabilized by g in X (see Definition 1 3 . 1 P . As an example, the orbifold X itself appears as 
a connected component of I{X), as the locus fixed by the identical automorphism, which is 
trivially in the stabilizer group of every point. All the other connected components of the 
Inertia I(X) are usually called twisted sectors. In this paper we use the algebraic language, 
and whenever the word "orbifold" is mentioned, it stands for smooth Deligne-Mumford stack. 

Among the first examples of smooth Deligne-Mumford stacks in the literature there are 
the moduli of smooth pointed curves M g , n and their compactifications M g , n - It seems thus 
interesting to study their Chen-Ruan cohomology. This has been done so far for Mi,i (a 
special case of weighted projective space) and for M2 and Mi by Spencer [26] (see also [27]). 

In the present work, we investigate the Chen-Ruan cohomology ring for Mi, n and Mi, n 
with rational coefficients, assuming knowledge of the cohomology of Mi, n and Mi, n . We show 
how it is possible to describe the stringy Chow ring in a similar fashion. Indeed we show 
that for all the twisted sectors, the cycle map from the Chow ring to the cohomology is an 
isomorphism. 

The main results of this paper are the complete description of the twisted sectors, and the 
explicit computation of the Chen-Ruan product as an extension of the usual cup product. 

In Section 2 we recall some known results that we will use and fix notation. The complete 
description of the twisted sectors for Mi,n and Mi,n is given in Section 3, where we prove the 
following result: 

Theorem 1.1. (Theorem \3 .24\ Corollarv \S.25\) Each twisted sector of Mi, n is isomorphic to 
a product: 

A X M , ni X M ,n 2 X M ,n a X Mo,n 4 

where ni, , n± > 3 are integers and A is in the set: 

{Bin, B^, B/ie, P(4, 6), P(2, 4), P(2, 2)} 
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where with BG we denote the trivial gerbe banded by G on a point (see Section \2.2K) , and P(o, b) 
is a weighted projective stack. 

This result allows us to compute the generating series of the Chen-Ruan Poincare polyno- 
mials for Aii.n- 

In Section 4, we compute the Chen-Ruan cohomology of A4i, n and M\ in as a graded vector 
space. To do so, we introduce the unconventional rational grading on the cohomology of the 
Inertia Stack, usually referred to as age, or degree shifting number, or again fermionic shift. 

In Section 5, we describe the twisted sectors of the second Inertia Stack of -Mi, n and Aii, n - 
Here a simplification occurs, indeed we show that every double twisted sector is canonically 
isomorphic to a twisted sector. 

In Section 6, we compute all the excess intersection bundles for A4i, n that we need, and 
their top Chern classes. 

Finally, in Section 7, we determine the Chen-Ruan cup product and we prove the following 
result: 

Theorem 1.2. (Theorem \ The Chen-Ruan cohomology ring of Mi, n is generated as 
H* (Mi : n,Q)-algebra by the fundamental classes of the twisted sectors with explicit relations. 

Note that the same result would hold verbatim if Chen-Ruan cohomology ring is substituted 
with stringy Chow ring, and H* is substituted with A*. We advance a proposal for an Orbifold 
Tautological Ring for Mi, n in Definition 17.161 encoding essentially all the interesting Chen- 
Ruan products, and then we compute it in the subsequent paragraphs. This can be interpreted 
as both an extension of the Tautological Ring R* and of its image in cohomology RH* . 

The final section is devoted to explicit examples and computations, in the cases with 1, 2, 
3 and 4 marked points. 

This paper is part of the PhD thesis [21], where the case of genus g bigger than 1 is also 
discussed. However, we think that the genus 1 case can be conveniently described in a more 
explicit and elementary framework, mainly thanks to the fact that the automorphism groups 
of stable genus 1 marked curves are all abelian (in fact, cyclic). 
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2 Foundation 



2. a General notation 

The generality we adopt for the category of schemes is schemes of finite type over C. Although 
we treat only this case, our results can be easily extended to the case of an arbitrary field of 
characteristic different from 2 and 3. 

In the paper, algebraic stack means Deligne-Mumford stack. The intersection theory on 
schemes is defined in [11] . on Deligne-Mumford stacks it is defined in [28]. We refer to these 
texts for definitions and first properties of the Chow groups A*. In particular, since all the 
spaces we consider are smooth, there is a standard identification (which could be taken as a 
definition) of A* with the dual of A*. For the sake of simplicity, we present here the case of 
cohomology and Chow ring with rational coefficients. 

We call G m the group scheme of invertible multiplicative elements of C. The discrete group 
subscheme of G m of the n-th roots of 1 is called [i n . The generators of \i2, M4 an d He are 
conventionally chosen to be respectively — 1, i and e. Since we work over the complex numbers, 
we can fix e = e~ . 

We call S n the group of permutations on the set of the first n natural numbers: [n] := 
{1,2,. ...n}. 

If G is a finite abelian group, G v = Hom(G, C*) is the group of characters of G. We will 
call BG the trivial gerbe over a point (the basic notions on gerbe we will need are presented 
in l2~b"1l . 

2.b Trivial gerbes 

For a complete treatment on gerbes, we refer to the book [15] . or to [6]. In this paper, we need 
only very few notions related to gerbes. 

Definition 2.1. Let G be a finite abelian group. We define BG as the quotient stack 
[Spec(C)/G] 

Let 7r : Spec(C) — > BG be the canonical projection on the quotient. A vector bundle on BG 
corresponds to a vector bundle on SpecC (i.e. a vector space) with a G-action. It follows that 
the Picard group of BG is canonically isomorphic to the group G v of irreducible representations 
of G. 

Notation 2.2. As a consequence, if X is a scheme, the datum of a line bundle over X x BG 
is a pair (L,x) where L £ Pic(X) and \ £ G v . 

2.c Notation for M. g , n an d M. g , n 

If / is a finite set, we denote by M g j the moduli stack of stable genus g curves with marked 
points in the set /. If I = {i, •} then we conventionally define A4o,i as a point labeled by i. 
When the set I is [n], the set of the first n natural numbers, we write M g , n and M a , n instead 
ofX 9 ,[ n ] andA4 9 , [n] . 

If I C J, then 7r/ : M g , j M a ,i is the morphism that remembers only the sections inside 
I. We give the same name to the morphism tvj : M g ,j —¥ M g j that forgets all the sections 
but the ones in / and stabilizes. With this notation, let Si be the i-th section of 7q n ] : M g , n +i 
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— ► Mg,n- By definition L; is the line bundle *i where U] n , n , is the relative dualizing 

sheaf. We define ipi = ci(Lj). 

Let k > and let (ii, • • • , ^fc) be a partition of [n]. We define j g ^ as the morphism gluing the 
marked points labeled with the same symbol (note that j Si k depends on the partition 7i, . . . , 1% 
and on the choice of gi, . . . ,gk, although this dependence is not explicit in its name): 

OS* ■ M g}U k =i .. X MguHU.! x ... x M gk ,I k U. k ->■ M 

We also define: 

j '■ A / J 9 ,nU»iU»2 ~~ ► Mg+l,n 

as the morphism gluing the two bullets. In this paper, we will be dealing with the case of genus 
1 curves. We will be using several times the map ji,k, where all the gi are set equal to 0. We 
call this map simply j k , so if I\, ... , Ik is a partition of [n] we have the gluing map: 

3k ■ M 

The product space on the left admits projection maps onto each factor. We will call p the 
projection map onto the first factor, and pi the projection maps on the genus component 
with marked points in the set Ii. 

2.d The Tautological Ring 

We recall the definition from [9|. 

Definition 2.3. The System of Tautological Rings R* (M g , n ) is defined to be the set of smallest 
Q-subalgebras of the Chow rings: 

Rg,n = R*(M g , n ) C A*(M g , n ,Q) 

satisfying the following two properties: 

1. The system is closed under push-forward via all maps forgetting marked points: 

7T[„]» : R*(Mg, n +l) -> R*(Mg, n ) 

2. The system is closed under push-forward via the gluing maps: 

j* : R*(M gi , ni U{.}) ®0 R*(M g2 ,„ 2 u{.}) R*(M gi+g2 ,n 1+ n 2 ) 
j* : R*(Mg,nU{. 1 ,. 2 }) ™> R*(Mg+l,n) 

Remark 2.4. Note that the system of Tautological Rings is closed under pull-back via the 
forgetful and the gluing maps. They are representations of S n via the action that permutes the 
points. We denote by RH*(M g , n ) the image of R*(M g , n ) under the cycle map to the ring of 
even cohomology classes. 

Definition 2.5. We define B gn to be the smallest system of subvector spaces of the Chow rings 
A*(A4 gt n, Q) that contain the fundamental classes, and that are stable under push-forward via 
all the gluing maps (see Definition ^. 31 point 2). A boundary strata class is an element in B g<n 
that corresponds to a closed irreducible proper substack of M g>n . 

Obviously, the Tautological Ring contains all the boundary strata classes. 
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Notation 2.6. We will call Di the closure of the substack of Mi, n of reducible nodal curves 
with two smooth components, where the marked points in the set / are on the genus com- 
ponent and the marked points on the genus 1 curve are in the complement, [n] \ I. We call 
D irr the closure of the substack of Mi in of irreducible curves of geometric genus 0. We will 
sometimes indicate with Di also the class [Di] € H 2 ( Mi. n ) represented by the divisor Dj. 

Analogously, given I C [n], such that \I\ > 2 and [n] \ I > 2, we will call Si = 5[„]\/ the 
sublocus of Mo, n whose general element has two genus components with marked points in / 
in the first one and in [n] \ / in the second one. 

Clearly, these elements form basis respectively for B* n and i?o,n- 

In general, B*„ C R* g ,„ C A* {M. g ^ ni Q) are all distinct. By [9] p. 2], the i/>-classes defined 
in Section [2.cl are in the Tautological Ring. 
In genus we have 

Bo,» = Bo,n = A*(Mo, n ,Q) = H 2 *(M ,n,Q) 

by the work of Keel [18] . 

We use these results several times: 

Proposition 2.7. The Tautological Ring R*(Mi, n ) is spanned (additively generated) by bound- 
ary strata classes \2.5l so that Bl n = Rl n . 

Proof. This follows as a consequence of Theorem * [17]. □ 

Proposition 2.8. ("0 Theorem 3.1.1]) For n < 10 the following two equalities hold: 

Bl n = Rl n = A*(M 1 , n ,Q)=H*(Mi, n ,Q) 

It is well known that the eleventh cohomology group of Mi.n is non zero. From this, it 
follows that the second and third equality of the proposition above are no longer true for n > 11 
(see for instance [16] p.2]). 

Claim 2.9. f [13] second paragraph) The boundary strata classes of Mi, n span the even co- 
homology of A4i,„. 

Claim 2.10. ([13], second paragraph) The ideal of relations among the boundary cycles is gen- 
erated by the genus relations together with pull-backs to A1i,n of the relation in ff 4 (A4i,4, Q) 
which is stated in Lemma 1.1, [13] . 

In [221 Theorem 1], the relation in H 4 (Mi y 4, Q) is shown to be algebraic (Theorem 1). 
The claims therefore split in the two ring isomorphisms: 

R*CMi,n) = RH*(Mi,n) (2.11) 
RH*(Mi,n) = H 2 *(Mi,n) (2.12) 

for n > 1. 

For a part of this work, namely in the section of pull-back of the Tautological Ring to 
the twisted sectors, we assume Getzler's claims (although our main results are independent of 
them). 
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3 The Chen— Ruan Cohomology of Aii jn and M.i n as 
Vector Space 

3. a Definition of Chen-Ruan Cohomology as Vector Space 

The following is a natural stack associated to a stack X, which points to where X fails to be 
an algebraic space. 

Definition 3.1. ( [281 Definition 1.12]) Let X be an algebraic stack. The Inertia Stack I(X) 
of X is defined as the fiber product X Xxxx X where both morphisms X-}XxI are the 
diagonal ones. It comes with a natural map / : I(X) —¥ X. 

Remark 3.2. The construction of Chen-Ruan cohomology based on the definition of Inertia 
Orbifold was given for the first time in [7] Definition 3.2.3]. As observed in [T] Section 4.4], the 
latter is nothing but the coarse moduli space of the Inertia Stack we have just introduced. In 
[H 7.3] the algebraic counterpart of Chen-Ruan cohomology is introduced, under the name of 
stringy Chow ring. It is built on the rigidification of the cyclotomic Inertia Stack introduced 
in [2j Section 3]. In this paper we work over C, and all the cohomologies are taken with 
rational coefficients. Therefore, the cohomologies of the Inertia Stack, of the cyclotomic Inertia 
Stack, of the rigidified cyclotomic Inertia Stack and of the Inertia Orbifold are all canonically 
isomorphic, since all of them share the same coarse moduli space. 

Definition 3.3. If X is an algebraic stack, the connected component of the Inertia Stack 
associated with the identity automorphism is called the untwisted sector of the Inertia Stack. 
All the remaining connected components are called the twisted sectors of I(X). The latter are 
sometimes called also the twisted sectors of X. 

Proposition 3.4. Corollary 3.1.4] Let X be a smooth algebraic stack. Then the Inertia 
Stack I(X) is smooth. 

Remark 3.5. If Y is a twisted sector of I(X), then the map / of Definition 13.11 restricts to 
a map f\y : Y X. In general f\y '■ Y —> X is a composition of a stack covering and a 
closed embedding, as easily follows for instance from [281 Lemma 1.13], or from 3.1.3]. In 
the present paper however, since all the stacks we consider are abelian, the map f\ Y is a closed 
embedding. So if Y is a twisted sector, it can be written as Y — (Z,g), where Z is a closed 
substack of X and g is an automorphism in the generic stabilizer of Z. From now on, by abuse 
of notation, we will refer to this twisted sector as Y, or (Y,g). 

Definition 3.6. Let X be a smooth algebraic stack. Let T be a set of indices in bijection with 
the twisted sectors of I(X). We call the following equality: 

I(X)=Xu]J(X i ,g i ) 

a decomposition of the Inertia Stack of X in twisted sectors if each (Xi,gi) is a twisted sector. 

Notation 3.7. In order to simplify the notation, if (A,g), (A,g') are two twisted sectors, we 
shall write something like (A,g/g') to denote the disjoint union of the two twisted sectors (A, g) 
and (A,g') in the Inertia Stack. 

When we simply write A we refer to the image of the closed embedding of the twisted sector 
inside the original stack X (see Remark 1 3. 5 \ . 
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We can then define the Chen-Ruan cohomology vector space: 
Definition 3.8. (0 Definition 3.2.3]) Let X be a smooth algebraic stack. Then: 

H* CR (X,Q) :=H*(I(X),Q) 

as a rational vector space. 

The Chen-Ruan cohomology decomposes as in Definition 13.61 

HZ R (X,®) = H*(X,®)®@H*(Xi,®) 
3.b The Inertia Stack of Mi !n and Mi >n 

The twisted sectors in case n = 1 are well known as a direct consequence of the Weierstrass 
Theorem. We refer to [251 III. 1] for the basic material on this topic. 
First of all, recall that every curve of the form: 

C = {[x : y : z]\ zy 2 = x 3 + az 2 x + bz 3 , A := 4a 3 + 27b 2 / 0} C P 2 

is a smooth genus 1 curve. If, instead: 

C = {[x : y : z]\ zy 2 = x 3 + az 2 x + bz 3 , A := 4a 3 + 27b 2 = 0, (a, 6) / (0,0)} C P 2 

then C is a nodal curve of arithmetic genus 1, geometric genus and one node. The following 
result describes all the genus 1 curves with a marked point this way. 

Theorem 3.9. \25\ III.l] (Weierstrass representation) Let (C,P) be a nodal elliptic curve. 
Then there exist (a,b) £ C 2 such that (C, P) is isomorphic to (C", [0:1: 0]), where 



C' := {[x :y: z]\ zy 2 = x 3 + az 2 x + bz 3 } C P 2 

If a is an isomorphism of (C, P) with (D, Q) then, up to the isomorphism above, a is: 

a — > X i a 
b^ \ (i b 
<■' : < x — > \ 2 x 

y 

z —¥ z 



(3.10) 



A 3 y 



From this it follows that the moduli stack A^i.i is isomorphic to the weighted projective 
stack P(4,6). 

Notation 3.11. There are two elements of Mi,i that are stabilized by the action of a group 
respectively isomorphic to {14 and we call them respectively C4 and Ce- These are classes 
of curves whose Weierstrass representation can be chosen respectively as: 

C 4 := {[x : y : z}\ y 2 z = x 3 + xz 2 } C P 2 

C a := {[x : y : z]\ y 2 z = x 3 + z 3 } C P 2 

If (C, P) is an elliptic curve, and G is its automorphism group, then it can be identified 
canonically with fj,N for a certain N €. {2,4,6}: 
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Notation 3.12. If (C,P) is an elliptic curve, and G is its automorphism group, then G acts 
effectively on Tp(C), the cotangent space in P to C, which is canonically isomorphic to C. 
Under this isomorphism, we can identify G with /ijy 

The decomposition of the Inertia Stack of Mi,i and Mi,i in twisted sectors (Definition 
I3.6|l , is simply a way to summarize the well-known facts that we have exposed in this section: 

Corollary 3.13. With the notation introduced in Notation \3.1\ and \3.1%\ the decomposition of 
the Inertia Stack of Mi,i in twisted sectors is: 

J(M M ) = (Mi,!, 1) U(M M) -1) ]J(C 4 ,i/ - i) ]J(C6, e/e 2 /e 4 /e 5 ) 

and that of Mi,i is: 

l(Mi,i) = (Mi,i, 1) ]J(Mi,i, -1) U(C4,i/ - i) II(G>> e/e 2 /e A /e 5 ) 

3.b.l The case of A^i,„ 

We thus study the Inertia Stack of Mi, n - Note that if n > 4, the objects of -Mi, n are rigid, 
and therefore in that range I(Mi, n ) = Mi, n - 

A simple analysis of the fixed points of the action of ^3, \i± and fj,@ on the curves C4 and Ce 
(see Notation 13. by Theorem 13.91 leads to the three special points: 

Notation 3.14. We call C\ the point in Mi,2 stabilized by i or — i, C'e the point in Mi,2 
stabilized by e 2 or e 4 , and finally Cg the point in .Mi, 3 stabilized by e 2 or e 4 . 

To complete the study of the loci fixed by automorphisms in Mi, n , we shall need the loci 
fixed by the elliptic involution that according to Notation 13. 121 writes as ( — 1). We give a special 
name to them: 

Definition 3.15. Let < i < 3. We define Ai as the closed substack of Mi,i whose objects 
Ai(S) are i-marked smooth genus 1 curves over S such that the sections are stabilized by the 
elliptic involution. 

We shall see, as a consequence of Lemma 13.191 that Ai is connected for all i (note that 
Ai — Mi,i). What we have said so far, leads to the description of the Inertia Stacks of Mi, n '- 

Corollary 3.16. The decomposition of the Inertia Stack of Mi, n ( Notation 1 3. 61 1 8. 7\ 1 3. 1 li|p is: 

. I{Mi,i) = ]\{Mi,i, -1) U(C* 4 , i/ - 1) U(C 6 , e/e 2 /e 4 /e 5 ); 

• I(Mi, 2 ) = Mi, 2 U(A 2 , -1) U(C* 4 , i/ - 1) U(C 6 , £ 2 A 4 ); 
. I(M h3 ) = Mi, 3 U(Ab, -1) UiC'e , c 2 A 4 )/ 

. I{Mi A ) =7U m IJ(A4,-1); 

• I(Mi, n ) = Mi, n ifn > 5. 

We collect the twisted sectors of Mi, n in the following table. Different rows correspond 
to different automorphisms, while the i-th column corresponds to the twisted sectors inside 
Mi,i. Remember that Mi, n is a smooth scheme for n > 4. 
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1 


2 


3 


4 


-1 


Ai 






A 4 


^ 4 


c 6 


a 


a' 





%l — i 












^A 5 


c 6 












If we want to compute the Chen-Ruan cohomology of Mi, n , we have to investigate the 
geometry of the spaces Ai introduced in Definition 13. 151 

Remark 3.17. Using analytic methods (see [24], [8j Chapter 3]), it is known that the coarse 
moduli space of Ai is a genus quasiprojective curve, and also how many points are needed 
to compactify it. In the literature, the coarse moduli space for A? is known under the name 
of Ti(2) = To (2). The coarse moduli space for A3 = A4 is usually called F(2). We here want 
to give an algebraic and stack-theoretic description of those spaces, that we could not find 
anywhere. 

Definition 3.18. We define A t as the closure of the respective spaces Ai, in Mia. 

Notice that the stack Ai = Mi,i is isomorphic to P(4, 6) as a consequence of Theorem 13.91 
Following the same strategy that can be used to prove the latter isomorphism, we can obtain 
the following result: 

Lemma 3.19. The stack A2 is isomorphic to the weighted projective space P(2,4). The stacks 
A3 and A4, are isomorphic to the weighted projective space P(2, 2). 

Proof. We first study the case of A2. Let us define the following space: 

B x := {((a, 6), [x :y: z]) | (a, 6) ^ (0,0), zy 2 = x 3 + az 2 x + bz 3 } C A t 2 , x P 2 



The projection onto the first factor, with the section <ti(o, 6) := ((a, b), [0:1: 0]), describe this 
space as an elliptic fibration over A 2 ,. So they determine a unique map (f> : Aq to A^i,i, making 
the following diagram cartesian (with Ci,i we indicate the universal curve): 

Bi >- Ci,i — ^ M1.2 



l 2 o ^Mi 



Xl 



It is a well-known consequence of the Weierstrass theorem (|3.9[1 made in families that the map 
<f> factors via the quotient [Ag/G m ], where G m acts with weights 4 and 6, and that the resulting 
map (f> : [Aq/G™] — > M.i,i is an isomorphism of stacks. The locus in Bi cut out by the equation 
y — surjects onto A2 C .Mi, 2- This locus is isomorphic to A 2 , with parameters (a,x). Again 
as a consequence of the Weierstrass theorem, the action of G m with weights 4 and 2 can be 
factored out, to obtain an isomorphism of stacks [Aq/G™ 1 ->■ A 2 . 
Now we study the case of A3. Let: 

B2 := {({a, Xi), [x : y : 2]) | (a, X\) / (0, 0), zy 2 = x 3 + az 2 x + (— ax\ — xl) z 3 } C Aq X P 2 

We want to replace the role of B\ with B2. In this case however, the projection onto the first 
factor and the two sections ai(a,a;i) = ((a,xi), [0:1: 0]) and 02(0, x\) = ((a,xi), [x\ : : 1]) 
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do not give a map to .Mi, 2 since the image of the second section intersects the singular locus. 
Therefore, let: 

A := {((a,xi),[x :y:z])\x = xi,y = 0, 4(a 3 ) + 27(-ax 1 - x{) 2 = 0} C B 2 

Let p : B2 — > B2 be the blow-up of B2 in A. Now the projection of B2 onto A 2 , admits two 
distinct sections a\ and 62 that to not intersect the singular locus, and such that p o Si = en. 
In this way, we obtain the following cartesian diagram: 




->■ Mi, 2 



So we obtain a smooth map ip : B2 — S- Mi,3. Let F be the locus in B2 cut out by the 
equation y = and F its strict transform under p : B2 — > £>2- The map tp restricted to F 
surjects onto A3. There is an isomorphism from A§ (parameters (x 2 ,xi j) to F: A : (x2,xi) 



((" 



a;ia;2 



, xi), [X2 : : 1]). Since F is smooth, the restriction of the map p : F — > F is 



an isomorphism, and therefore A lifts to an isomorphism A : A — > F. So we have a surjection: 



ip o A : 



A, 



Again, as a consequence of Weierstrass theorem, this map factors via the quotient [A 2 /G m ] 
where the action has weights 2 and 2, thus inducing an isomorphism of stacks [A 2 /G m ] — ► A3. 

To conclude the proof, we observe that the restriction of the forgetful map: Aa — > A3 is an 
equivalence of categories. Indeed, when three among the four 2— torsion points of an elliptic 
curve have been chosen, there is only one possible way to choose the fourth one. □ 

Note that as a consequence of the proof, we have a description of the forgetful maps A3 — > 
A2 — > Ai in terms of maps of weighted projective spaces. 
Note moreover that there are two points in A2 \ A 2 : 




Figure 1: The two points that compactify A 2 



And there are three points in A3 \ A3: 




Figure 2: The three points that compactify A3 
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We have written the geometric genus of each irreducible component respectively in the 
corner of every curve. The first marked point is not pictured and is at infinity. If coordinates 
are chosen on the vertical genus curve, in such a way that the two intersection points with 
the other component are 0, oo, the marked points 2 and 2, 3 are chosen among the points with 
coordinates 1,-1. 

We have thus described the spaces Ai as open dense substacks of weighted projective spaces 
of dimension 1. In particular, their rational cohomology follows from the following corollary: 

Corollary 3.20. The coarse moduli spaces for Ai are isomorphic to P 1 . If i < 4, the coarse 
moduli spaces for Ai is made o/P 1 minus i points. The moduli stack A3 coincides with A4. 

3.b.2 The case of M hn 

Up to now, we have determined the decomposition in twisted sectors of the Inertia Stack (|3.6|) 
of Mi, n (Corollary I3.16|l . As we have observed in Remark 13.51 each twisted sector of Mi, n 
admits a closed embedding inside Mi, n itself. So, if (Z,g) is a twisted sector of Mi, n , we can 
consider the Deligne-Mumford compactification Z C Mi, n - It is easily seen that (Z,g) is a 
twisted sector of Mi. n . In the last section, we have studied all the twisted sectors (Z,g). We 
will see in this section that there are further twisted sectors of Mi : „, whose closed embedding 
inside M\, n is all contained in the boundary. 

Let (Z, g) be a twisted sector of Mi,k- The twisted sector (Z,g) has k marked points that 
we rename »i, where 1 < i < k. Let now (ii, . . . , 7^) be a partition of [n], such that T 7^ 0. 
Let now jk be the morphism gluing together the same symbols (defined in Section I2.cll : 

Definition 3.21. Let Z be a twisted sector inside Mi,h- We call Z a base twisted sector. We 
define Z (/l " " /fc) as: 

Z (/l '"" /fe) := j k (Z x M ,i 1 u. 1 x ... x Mo,r k u. k ) 
We call Z the base twisted sector associated with Z Il ''"' Ih \ 

Theorem 3.22. If (Z,a) is a twisted sector in Mi,k, and (ii, . . . ,Ik) is a partition of [n], 
(Z Il '"'' Ih ,a) is a twisted sector of the Inertia Stack of Mi, n - 

Proof. The automorphism a lifts to an automorphism «' of Z , " ,/fc - ) that acts as a on the 
base and as the identity on the components Mo, n - We can call with the same name a and a' , 
and represent them by the same element in /i„ (see Notation 13.121) . It is easy to check that 
Z Il '"'' Ik ' is a connected component of the Inertia Stack of Aii, n - d 

Notation 3.23. Let a e S k - Then Z (h " " Jk) = Z (/<T(1) ' - ' <T(fc)) . The twisted sector is identified 
up to isomorphism by Z and the partition {7i, ■ ■ ■ Ik} where the ordering of the I[s does not 
matter. From now on we will simply denote this twisted sector in Mi, n as Z * : the 

elements of the set of parameters for the twisted sectors whose base space is Z is given by 
the set of the k partitions of [n]. To simplify notation, we will usually write Z fc to mean 

Note also that Z is identified with Z ^' '"'^- k ^ for every Z twisted sector of Mi,k- 

With the notation introduced, we can state and prove the fundamental result of this section: 



12 



Theorem 3.24. The decomposition of 1 '(.Mi, n ) in twisted sectors is (see Notation \3. b\ \3/j\ 
{h,l 2 }, / 1 ul 2 =[n] IHJsJa}, / 1 u/ 3 uj 3 =[n] 

]J (^• I ' AA ,-i)]l(c^,i/-i) II (c? A ,i/-i) 

{II, 12,13,14}, r 1 u/ 2 uI 3 UJ 4 =[n] V1J2}, /iUI 2 = [n] 

II (c?*S/e*) II (c^^/e 4 ) II (ctW^AV) 

{Ii./a}, TiUJ a =[n] {I1.-f2.-f3}, iiUI 2 UJ 3 =[n] 

where all the decompositions of the set [n] are made of non empty subsets. 

Proof. We have just seen in Theorem 1 3 . 2 2 1 that all the components that appear in the decom- 
position are twisted sectors of Mi, n . We have to prove that there are no further connected 
components in the Inertia Stack of Mi, n - To see that there are no further twisted sectors, one 
can work by induction using the fact that: 

7T[„] : Ml,n+l -¥ Ml,n 

is the universal curve. □ 

From this, we obtain the following corollary, which describes all the possible twisted sectors 
of -Mi,n stack-theoretically: 

Corollary 3.25. Each twisted sector of Mi, n is isomorphic to a product: 

A X M 0>ni X AT ,n 2 X M ,n 3 X A?0,n 4 

where m, . . . , n± > 3 are integers and A is in the set: 

{B/13, B^ 4y B/ia, P(4, 6), P(2, 4), P(2, 2)} 

Proof. It is a consequence of Theorem 13,241 Lemma 13.191 and the fact that C4 = B/14, C& = 
B/J.Q, Cq = Cq = -B/i3 (as a consequence of Theorem 13. 9p . □ 

3.c The cohomology of the Inertia Stack of JM.\ n 

We can use the results estabilished in Theorem l3.24l and Corollary |7.2l to compute the dimension 
of the vector space HcR\Mi,n, Q) (see Definition [3]8}. We write the formula for the dimension 
as a function of the dimension of H*(Aio. n ), which is well known after Keel [18]. Then, let: 

h{n) := dimtf*(A7o,n+i,Q) = ^a k {n) 

k 

(the latter notation is the one of [181 p. 550] shifted by 1). 

Corollary 3.26. The dimension of the Chen-Ruan cohomology vector space of A4i, n is: 
dim(i^ fl (A?i,„,Q)) =dim(_ff*(ATi jn ,Q))+8/i(n) + 3^ L n J h(i)h(j)+ 

Where the sum is over indices 1 < i,j,k,l < n such that their sum is n. 
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Proof. This result is obtained from Theorem 13.241 and Corollary 17.21 using the fact that the 
dimension of the cohomology of a point is 1 and the dimension of the cohomology of the 
projective line is 2. □ 

If we introduce the generating polynomials: 

= E^T^ (3 . 27) 

n=0 

P x ( s ) : = y QiM s « ( 3. 28) 
z — ' n! 

n=0 

P? R {s) := V ^M s " (3.29) 

where: 



n! 

n=0 



Qo(n-) := dim H*(Mo,n+i) = h(ri) 
Qi(n) := dimJJ*(ATi, n ) 
Qf fl (n) :=dimi?cfi(ATi,n) 

with the convention that when the right hand side is not denned, the left hand side equals 1. 
Formula 13.261 can now be written compactly. 

Theorem 3.30. The following equality between power series relates the dimensions of the 
cohomology group of Mo,n and M\, n with the dimension of the Chen-Ruan cohomology group 
ofMi, n - 

Pf fl (s) = Pi(s) + SPo(s) + 3Po(s) 2 + ^o(s) 3 + j^Po(s) 4 (3.31) 

3.d The twisted sectors as linear combinations of products of 
divisors 

In this section, we want to express the classes [V] for all Y a twisted sector of M\,n, as 
linear combinations of elements in _R*(A / fi, n ). In fact it is possible to express them as linear 
combinations of products of divisor classes in Mi, n - This is due to the fact that there are base 
twisted sectors fDefinition l3.21[) in genus 1 only up to 4 marked points, and: 

Theorem 3.32. ^3$ The Chow ring of Mi, n is generated by the divisor classes when n < 5. 

Notation 3.33. If Y is a base twisted sector (|3.21[) . we can write [Y] £ A*(Aii.n) = 
R*(Mi, n ) = H ev (Mi, n , Q) (these equalities hold when n < 5). If i : Y — > Mi, n is the 
restriction of the map from the Inertia Stack, [V] is the push-forward via i of the fundamental 
class of the twisted sector Y (see 13.51 1 . 

We stress that our result will be symmetric under the action of S n - We use the notation 
for the divisors introduced in Notation 12.61 

Theorem 3.34. Let Y be a base twisted sector of Mi, n (Definition \3.21\l . We express its class 
in the cohomology ring as a linear combination of products of divisor classes. 
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• Base space classes coming from _Mi,i.' 

1. [A\] = 1, the fundamental class of Mi,i; 

2. [C4] = -^Dirr 

3. [Ce] = gDi rr . 

• Base space classes coming from .Mi. 2-' 

1. \M) = iD, rr + 3fl { i, 2} ; 

2. [C4] = |-Dirr-D{l,2};' 
<?• [Cg] = §Dirr-D{l,2} ■ 

• Base space classes coming from .Mi, 3: 

L [A 3 ] = jArr (E{;,j}C{1,2,3} ^{i.j} )+ 3 Arrl>{ 1,2,3} +2-D{ 1,2,3} (E } C {1 ,2,3} D {i,3 } ) >' 
& [Ce] = f Ar-rA[l,2,3} (E {i, j } C {1 ,2,3} } / 

• Base space classes coming from .Mi, 4: 

1. [A 4 ] = 2D { 1, 2,3,4} (E{ l ,j,fe,;} C {l,2,3,4} D {i,j} D {k,l}J + T2 E{i,j,fe} C {l, 2,3,4} D {ij,k} + 
+ (E{i, m } C {i,3,fc} D {i,j}) + T5- D irr-D{l,2,3,4} (E {jj} C { 1 ,2,3,4} D {i,j}) • 

Proof. For the classes of the points the result is trivial. There is a little care involved in writing 
[Cg] as a linear combination that is 5*3-invariant. We show how to obtain the result for the 
classes of the spaces Ai. 

We refer to [3] for all the bases of the Chow groups of Mi, n that we use in the following. 
We have modified the bases that Belorousski finds in such a way that the sets of the elements 
of the bases are closed under the action of S n - 

First of all, a basis of A 1 (Mi, 2) is given by D irr and -0(1,2}. Therefore: 

[M] = aD lrr + 6D{i, 2} (3.35) 

taking the push-forward via 7Ti :.Mi,2 — > Mi,i, and using that the forgetful morphism restricted 
to A2 is 3 : 1 (|3.19[) . gives that b = 3. Now taking on both sides of !3.35l the intersection product 
with -D{i i 2} 1 and using that 2}-D{i,2} = 57, we obtain a = \. 
A basis of A 2 (Mi,3) is given by: 



ArrA;i,2}, ftrr-D{l,3}, Di rr D{ a 3 y, D irr D{ i 2,3} , A;i,2,3} I ^ 

\{i,j}C{l,2,3} , 

therefore [A3] can be uniquely written as: 



[A3] = dAn-B{l,2}+ilArrfl{l,3}+C Arr -D{2,3} +d Arr -D{ 1 ,2,3} +e_D{ l ,2,3} I ^{*>i}| 

\{i,j}c{i,a,3} J 
(3.36) 

Taking the push-forwards via 7r{i,2} , i"{i,3} , 7r {2,3} , and using that these forgetful morphisms 
restricted to A3 are 2 : 1 (Lemma l3.19|l . gives: 
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a + b — a + c — & + c=i, e = 2 

Now to determine d, intersect both sides of 13.361 with f{i,2} to find d = c. 

To conclude, we have to work out the case of A4. A basis for A 3 (Mi, 4) is given by: 

•0(1,2,3,4} D {iJ} D {k,l}\ D *rrD {i>j>h} \ ^ ^{i.m} {i,j,k} C[i] 

\{ l ,j,fe,i} = {l, 2,3,4} / \{l,m}C{i,j,k} j 

Arr-D{l,2,3,4}-D{i,j,fe} {i,j,k} C [4] D irr D { 1,2,3,4} ^ ^Oj} 

\{i,j}C{l,2,3,4} / 

-Dirr-D{l,2,3,4}£>{l,2} Di rr D{! ,2,3,4} £*{ 1 ,3} 

This set of classes is not closed under the action of 1S4. Since the last two coordinates of [A4] 
with respect to this basis will turn out to be zero, our result will again be symmetric under 5*4. 
We can write it in an unique way: 

12 

[A±] = ^2 biVi 
i=i 

where the Ui's are the vectors of the basis just introduced, taken in the order of the previous 
list. Observe that vi, . . . vs do not have a precise position in the list, and nor do i>6, • ■ • , «io- 
The fact that the construction of A4 is S4-equivariant means that this is not important, because 
for any possible choice of an ordering of these Vi's it turns out that: 

b2 — bz — bi — 65 ba — 67 = b$ — bg = bio 

Using the same trick as before, taking the four push-forwards via 7T{i, 2 ,3} , 7T{i, 2 ,4} , 7r{i, 3 ,4} , 7T{ 2 ,3,4} , 
plus the fact that the forgetful morphism is an isomorphism when restricted to A4 (13. 19|) . one 
can determine bi, 62, &3, 64, &s, 611, bi2- Moreover in this way one finds relations like: 

h + 36io = - 6 < i < 9 
4 

To finish the computation, it is enough to intersect everything with -D{i,2,3,4>: this gives 
&10 = j2 and therefore concludes the proof of the last equality of the statement. □ 

Corollary 3.37. Let (Y,g) be a twisted sector of Mi, n . Then [Y] is in the subalgebra generated 
by the divisors of M\, n . 

Proof. As a consequence of Theorem 13.241 every twisted sector class is jk*P*([Z]), where Z is 
a base twisted sector in Mi^ (whose class in the Chow ring was studied in Theorem I3.34[) 
and the maps fit into the diagram: 

jk 

Mi,k x Mo./i+i x ... x Mo,i k +i >■ Mi, n 

P 

Mi,k 



where jk is the gluing map defined in l2.cl and p is the projection onto the first factor. From this 
one can compute explicitly the twisted sectors as linear combinations of products of divisors. □ 
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4 The Age Grading 



4. a Definition of Chen-Ruan degree 

Let X be a smooth algebraic stack of dimension n, and x £ X a point. Let T be the tangent 
bundle of X. For any g in the stabilizer group of x of order k, there is a basis of T X (X) 
consisting of eigenvectors for the g— action. In terms of such a basis, the g-action is given by a 
diagonal matrix M =diag(£ ai , . . . ,£ a ") where £ = e~ and a,i < k. For any pair (x,g), define 
a function a(x,g) := \ ^2<ii- This function is nonnegative and takes rational values. This 
function is constant on each connected component of the Inertia Stack ([7] Chapter 3.2]). 

Definition 4.1. (|T| Chapter 3.2]) Let X be an algebraic smooth stack. The age of a twisted 
sector Xi g \ is defined to be a(x,g) for any point (x,g) £ X( g y 

Note that this definition is also referred to as degree shifting number, or fermionic shift. 
The algebraic definition of age was given in [T] 7.1] and [2] 7.1]. 

Proposition 4.2. Let (Y,g), (Y, <? _1 ) be two connected components of the Inertia Stack of an 
algebraic stack X which are exchanged by the involution of the Inertia Stack. Then: 

a((Y, g)) + a((Y, g' 1 )) = codim(Y, X) 

Remark 4.3. If i : Y — ¥ X is a twisted sector, and x £ Y is a point, then the following 
splitting holds: 

T x X = T x yQ)N y X\ x 

If G := (g) is in the stabilizer group of x, then T X X is a representation of G which splits as 
a sum of two representations: T X Y and NyX\ x . The first of such representations is trivial by 
definition of the twisted sector. Therefore what is needed in order to compute the age of a 
twisted sector is to study the action of G on NyX\ x . 

In conclusion of this subsection we define the orbifold degree. 

Definition 4.4. We define the d — th degree Chen-Ruan cohomology group as follows: 

h$ r (x,<q) ~^H d - 2a( - x - s '\x t ,q) 

i 

where the sum is over all the twisted sectors. If a is an element of this vector space, we define 
its orbifold degree as d. 

4.b Age of Mi, n and Mi <n 

We start our computations with the smooth case. The result for the age of is well known, 

and we compute the other cases. 

If ipn is a generator for fi n (and therefore of since we work over C), we will call the one 
dimensional complex vector space with the action of fi n , where <f> n acts as the multiplication 
by Recall that if G = Aut(C, P) is the automorphism group of an elliptic curve, it is 
canonically identified with fi n for a certain n (Notation see !3.12p . 

Lemma 4.5. Let Z C Mi,k be the closed embedding of a twisted sector (Z,a) of Mi,k, with 
Z £ {C4,C'4,C6,C'g,C(l}. The normal bundle NzMi,k is a representation of \x n on a k— 
dimensional vector space: 
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• Nc 4 Mi,i is isomorphic as a representation of \i 4 to (i 2 ), 

• is isomorphic as a representation o//i 4 to (i 2 ) © (i 3 ), 

• Nc 6 Mi,i is isomorphic as a representation of fig to (e 4 ), 

• N c i^Mi,2 is isomorphic as a representation of fig (generated by e 2 ) to (e 2 ) © (e 4 ), 

• N c ^Mi,s is isomorphic as a representation of fj,3 (generated by e 2 ) to (e 2 ) © (e 4 ) © (e 4 ). 

Proof. The age for the twisted sectors of M i,i is known from the description of it as an open 
substack of P(4, 6) (see for instance |T9|). It is easily checked that i acts on the normal bundle 
as the multiplication by i 6 = i 2 and e acts as multiplication by e 4 . 

We study the tangent to C4 in .Mi, 2, and the other cases will follow through. Since the 
forgetful morphism Mi, 2 — > Mi,i is the universal curve, we have that the following diagram 
is cartesian (see l3.1ll for the definition of C 4 ): 

9 

C 4 >■ d [Ca/ha] >■ Mi, 2 



Ci ^ Mi,i 

The normal bundle Nq^Mi^ is therefore isomorphic as a representation of /14 to the direct 
sum: <7*(iV[c 4 / M4 ] Mi,2) © NqiJCa, since C4 — > [C 4 / '^4] is a finite etale map. The first term in 
the direct sum is equivariantly isomorphic to N^Mi,! (since the diagram is cartesian and the 
forgetful map is flat). The normal bundle N c iJZi is equivariantly isomorphic to the tangent 
space to d in the second marked point. In the Weierstrass representation of C4 (|3.11[) . this 
is the point with projective coordinates: [0:0: 1]. The tangent space in these coordinates is 
then parametrized by [0 : t : 1] and on it i acts as the multiplication by i 3 (since in Theorem 
13.91 the weight of the action on the variable y is 3). □ 

With this result, it is straightforward to compute the age for all the twisted sectors of Mi, n , 
using the fact that the twisted sector corresponding to an involutive automorphism have age 
equal to half the codimension (see Proposition 14. 5) . We do not write here this result explicitly, 
because it will be part of the more general table given in Corollary 14.81 

Remark 4.6. We observe that, in the proof of the above proposition, we had to use a different 
argument for the case n = 1 and n > 1. This is due to the fact that there is no forgetful map 
from Mi,i. In particular, if (C,p) 6 Mi,i, and fj, n = Aut(C, P) then the actions of fj, n on 
N(c,p) Mi,i and on T P C do not necessarily coincide. 

In the following Proposition, we give a description of the normal bundle NzMi, n where Z 
is a twisted sector. We restrict to the cases where the base space of Z (Definition I3.2ip has 
dimension 0, since this simplifies the notation. Hence, let Z be in {C4, C 4 , Cq, Cg, Cg }. The 
normal bundle NzMi,k is a k— dimensional vector space with an action of fi„ on it (where n 
can be 3,4 or 6) (which was studied in Lemma |4.5[) . For the sake of simplicity, we identify 
Z Il '—' I i> with Z x Moji+i x ... x Mo,i k + i (see Definition ^. 21[1 . We denote with p,pi, . . . ,Pk 
the projections on each factor (see for instance the end of Section Ex)) . With C we indicate the 
trivial bundle of rank 1. 
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Proposition 4.7. Let h,. .. ,Ik be a partition of [n] in k < 3 subsets. Suppose that > 1 
for all i 's. Then the normal bundle N z i 1 ,.,.,i h Mi, n is of rank 2k and splits as a direct sum of 
line bundles. 

1. N [ n ]Min is isomorphic to: (i 2 , C) © (i 3 ,Pi(L^ +1 )), 

2. N c i^,i 2 Mi, n is isomorphic to: (i 2 ,C) © (i 3 ,C) © (i 3 ,pJ( L /i+i)) © if ,P2{K 2 +i)), 

3. N„[n\~Mi,n is isomorphic to: (e 4 ,C) © (e 5 ,rf(L^ +1 )), 

4. N c i^.i 2 Mi,„ is isomorphic to: (e 2 ,C) © (e 4 ,C) © (e 4 , pK L /i + i)) © (^ , vl(^i 2+ i)) , 

5. N i 1: i 2 j 3 Mi, n is isomorphic to: (e 2 ,C) © (e 4 ,C) © (e 4 ,C) © (e 4 ,p*(Ly i+1 )) © 

(^,P2(Ly 2+1 ))ffi( e 4 ,P3(Ly 3+1 )), 

// some of the li 's has cardinality 1, the normal bundle has the same description after deleting 
the corresponding component p* (Lj '. +1 ) . 

We postpone the proof of the proposition, in order to immediately see that as a consequence 
of it we can compute the age of all the twisted sectors of A1i, n -We use the convention that 
5(1) — the Kronecker delta. 

Corollary 4.8. ( of Proposition \4~7\ ) The following table gives the age of all the twisted sectors 
of Mi, n : 



Comp 


Aut 


Codimension 


Age 




-1 


1 


1 




-1 
-1 


3 - 5(h) - 6(h) 
5 - 6(h) - 5(h) - 6(h) 


1(3 -6(h) -6(h)) 
|(5 -6(h) -5(h) -5(h)) 




-1 


7 - 5(h) - 5(h) - 5(h) - 6(h) 


i(7 -5(h) -6(h) -5(h) -5(h)) 


cf J 
cf 1 
c' 4 lJ2 

Ci 1 ' 12 


i 

—i 
i 

—i 


2 
2 

4 - 6(h) - 6(h) 
4- 6(h) -6(h) 


5 
4 
3 

1± - ±(6(h) + 6(h)) 
l-l(5(h) + 5(h)) 


(jii, 12,13 


e 2 

e 4 
e 2 
e 4 


4 -6(h) -6(h) 
4 -6(h) -5(h) 
6 - 6(h) - 6(h) - 6(h) 
6 - 5(h) - 6(h) - 6(h) 


l-l(6(h) + 6(h)) 
l-l(6(h) + 6(h)) 
11 -i(5(h) + 6(h) + 5(h)) 
1 -l(6(h)+ 6(h) + 6(h)) 


f-i[n\ 
°6 
fi[ii] 
°6 


e 
e 2 


2 
2 


3 
2 

1 


riW 

°6 


4 

e 


2 


1 


fi[n] 

°6 


e 5 


2 


1 
2 



Proof. The age of the sectors with the automorphism —1 is easily computed as one half the 
codimension. They are all the twisted sectors whose associated base twisted sector l|3.21[l has 
dimension 1. For the twisted sectors whose associated base twisted sector has dimension 0, we 
simply apply Proposition 14.71 

see Notation 12.21 for a line bundle on a trivial gerbe 
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□ 

To prove Proposition 14.71 we will use the following classical result, which is attributed to 
Mumford |20]. 



Lemma 4.9. Let 7i, . . . , Ik be a partition of [n], and jk the gluing map defined in Section \2.c\ 

j k : 7W 1T jfc_ i , s x Mo.i 1 u. 1 x ... x Mo,i k u. k -> Mi, n 

Let p be the projection onto the first factor, and pi , . . . , pk the projections onto the moduli spaces 
of genus curves. Then the normal bundle of the map jk is isomorphic to: 

k 

N i* =0p*(C i )®p!(C j ) 



where L #i are the line bundles defined in Section \2.c[ and the first one is on M ± jji- while 
the second one is on Mo,i i u» i El- 

Proof, (of Proposition 14. 7[) If jk denotes as usual the morphism defined in Section 12. cl the 



following diagram is cartesian by definition of Z 
A 



z /i,..,/*C 
V 





(p is the projection onto the first factor) 
jk 



C 



Mi,k x Mo^iU.j x ... x Mo,i k u, 
□ P 

*~ Mi, k 

In this case the following isomorphism holds: 

p*(NzMi,h) — N z i 1 ,...,i k Mi,k x M ,i 1 u. 1 x ... x M ,i k u. k 



■ Ml,n 



since the diagram is cartesian and p is flat. This is the trivial bundle with a certain represen- 
tation of \i n , that we studied in Lemma 14.51 

Note that the map jk o A is the restriction to z Il '"'' Ik of the map I(Mi, n ) Mi,n- 
Therefore, the normal bundle N z i l ,...,i k Mi,„ is isomorphic to the direct sum: X*Nj k ®N\. To 
conclude the proof, we have now to study the first term X*Nj k . 

According to Lemma 14.91 we have: 



The term p*(jJi i )i Z i 1 ,...,i h is the trivial bundle whose constant fiber is the tangent space to 
Z in the i— th marked point. It carries the representation of fi n , as the latter group acts on 
the tangent space to Z in the i— th marked point (this action can be computed explicitly, see 
Lemma [4. 5 \ . On the other hand, the term Pi{^i^)\ z ii,...,i h carries the trivial representation of 
fjbn, but is non trivial as a line bundle. This last observation concludes the proof. □ 



we have abused a little bit the notation, by calling them with the same name 
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Since we now know the grading, we want now to write a formula analogous to !3.31l adding 
a new variable to separate the different degrees in the Chen-Ruan cohomology of Mi, n - We 
define: 

Po(s,t):=Y Qoin ; m) s n t m (4.10) 
z — ' n! 

Pt(s,t) := f^ 9l^lHA s ^ (411) 

n = n ' 

"i,a := > : s i (4.12) 

z — ' n! 

n=0 

where: 

Qo(n,m) := dim H 2m (Mo,n+i) = a m (n) 
Qx(n,m) :=dimff 2m (ATi,„) 

The relevant values of a are {0, ^, ^ , |, |, |} =: A. Summing over a and shifting by a the 
degree of t, we have the generating series of the Chen-Ruan Poincare polynomials: 

Pf R (s,t) ^^VP&flfot) 

In other words, the coefficient of degree n in the variable s of Pf H is the Chen-Ruan Poincare 
polynomial of A4i )n divided by n\. 

We recall that the power series of l4.10l are described in [121 Theorem 5.9], [141 Theorem 2.6]. 
There, the author describes the cohomology of the moduli of genus and genus 1, n-pointed 
stable curves as a representation of S n - 

Theorem 4.13. The following equality between power series relates the dimension of the m-th 
Chen-Ruan cohomology group of Mi. n with the dimensions of the m-th cohomology group of 
Mo, n and Mi, n - 

P?/(s,t) = A + (t + t 2 )P + 3s(t 2 + t 3 )Pi + ^(t :i +t i )Pi + 2s(t + t 2 )-§- s (sP ) + sl(t 2 +t :i )^(s 3 P ) 

P°f(s,t)= tP + ^PS 

P?p,t) = + £p$ + ts£(sP ) + ^f^(s 2 Po) 

P??(s, t) = 2(1 + t)P + i±fp 2 + MP 3 + %1P 4 + ^(t + t 2 )^(s 2 P ) 

Px,f(s,t) = \Pl + ^P 3 + st±(sP ) + ^t^(s 2 P ) 

jCR 



P,i(s,t)= Po + fPo 



5 The Second Inertia Stack 

The definition of the Chen-Ruan product involves the second Inertia Stack. 
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Definition 5.1. Let A be an algebraic stack. The second Inertia Stack I"z(X) is defined as: 



h(X) = I(X) xxI(X) 

Remark 5.2. As for the Inertia Stack, the second Inertia Stack is smooth (cfr. 13.41 see also 
P p. 15], after noticing that Ko, 3 (A,0) h(X)). 

Remark 5.3. A point in I2{X) is a triplet (x,g, h) where a; is a point of X and g,h £ Aut(:r). 
It can be equivalently given as (x,g, h, (gh)~ ). 

Remark 5.4. /2(A) comes with three natural morphisms to I(X): pi and p2, the two projec- 
tions of the fiber product, and P3 which acts on points sending (x,g,h) to (x,gh). 



(x,g) 




Pi 

(x,g,h) ^ (x,h) 




This gives the following diagram, where (Y,g,h,(gh) ! ) is a double twisted sector and 
(Xi,g), (X2,h), (A3, (gh)) are twisted sectors: 

(5.5) 




(Y,g,h)-^(X 2 ,h) 




Let us now study the double twisted sectors for the case when X =Mi, n - From now on we 
focus on the compact case, since the case of Mi, n follows through analogously and much more 
simply. 

Remark 5.6. We label each sector of /2(A) via the triplet (g, h, (gh)' 1 ). There are two 
automorphism groups acting on /2(A): an involution sending a sector labeled with (g, h, (gh)~ ) 
into (g~* , h' 1 , (gh)) y and S3 which permutes the three automorphisms. Up to permutations 
and involution, the following are all the possible labels of the sectors in /2(A) (that correspond 
to nonempty connected sectors): 

• (1, 1, 1), generated group fii; 

• (1, — 1, —1), generated group H2; 

• (e 2 , e 2 , e 2 ), generated group /X3; 

• (1, e 2 , e 4 ), generated group 

• (1, i, — i) generated group /m; 

• (i,i, —I), generated group [14; 
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• (e, e, e 4 ), generated group H6', 

• (e, e 2 , — 1), generated group /i6; 

• (1, e, e 5 ), generated group 

We now describe the sectors of the double Inertia Stack. We do so up to the automorphisms 
described in the previous remark, and up to the permutations of the marked points. 

Proposition 5.7. Up to permutation of the automorphisms, and up to involution, the following 
are the twisted sectors of l2{Mi, n): 

(AT [n] , (m IiJ \ (1,-1,-1)), (a; IiJ2 ' 13 , (l.-i.-i)), (a-^ I2J3J \(i,-i, 

(C^,(l, e\ £ 4 )/( £ 2 , e\ e 2 )) , (1, e\ £ 4 )/( £ 2 , e\ e 2 )) , 

(Cf 1 , (1, i, i, -1)) , {C[^ , (1, i, -t)/(i, i, -1)) 

(1, 6, e 5 )/(e, e, 6 4 )/( £ , , 2 , -l)/( £ 2 , , 2 , e 2 )) 

Proof. This follows from Theorem 13.241 once one observes that no point in Mi, n is stable 
under the action of both e and i. □ 

From this, a very easy consideration follows: 

Corollary 5.8. Let (Z,g,h, {gh)~ ) be a double twisted sector of Mi. n - Then either (Z,g) or 
(Z,h) or (Z, (gh)^ 1 ) is a twisted sector of the Inertia Stack of Mi, n - 

6 The Excess Intersection Bundle 
6. a Definition of the Chen-Ruan product 

We review the definition of the excess intersection bundle over Iz(X), for X an algebraic smooth 
stack. Let (Y, g, h, (gh)~ r ) be a twisted sector of I^{X). Let H := (g, h) be the group generated 
by g and h. 

Construction 6.1. Let 70,71,700 be three small loops around 0,1, 00 C P 1 . Any map 
7ri(P 1 \ {0,l,oo}) — > H corresponds to an H— principal bundle on P 1 \ {0, 1, 00}. Let 7r° : 
C° — > P 1 \ {0, l,oo} be the H— principal bundle which corresponds to the map 70 — > <?,7i — > 
h, 7cx) — > (gh)~ . It can uniquely be extended to a ramified H— Galois covering C — > P 1 (see [101 
Appendix]), where C is a smooth compact curve. Note that H acts on C (and, by definition, 
P 1 is the quotient C/H as varieties), and hence on H 1 (C,Oc)- 

Let / : Y —> X be the restriction of the canonical map Ii(X) — > X to the twisted sector Y . 
Note that H acts on f*(T x ). 

Definition 6.2. 7 With the same notation as in the previous paragraph, the excess intersec- 
tion bundle over Y is defined as: 

E Y = (H\C,Oo)®c f(T x )) H 

1. e. the //-invariant subbundle of the expression between parenthesis. 
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Remark 6.3. Since H 1 (C, O c ) H = 0, it is the same to consider in the previous definition: 

(h\c, o c )®n y x) h 

where Ny is the coker of TV — > f*(Tx). 

We now review the definition of the Chen-Ruan product. 
Definition 6.4. Let a G Hcr(X), /3 € Hcr(X). We define: 

a *cr P = P3» (Pi (a) U P2 (/3) U Ctop 
We sometimes use the notation a * f3 instead of a *cr P- 

Theorem 6.5. (JTjj) With the age grading defined in the previous section, (H^r(X,Q),*cr) 
is a graded (H*(X, Q), U)-algebra. 

Theorem 16.51 allows us to compute the rank of the excess intersection bundle in terms of the 
already computed age grading. If (Y, (g, h, (gh)' 1 )) is a sector of the second Inertia Stack, the 
rank of the excess intersection bundle is (here we stick to the notation introduced in Remark 
El: 

rk(£ (y , 9 ,h)) = a(Xi,g) + a(X 2 , h) + a(X 3 , (gh)- 1 ) - codim(F) (6.6) 
where the codimension is taken in X. 

Corollary 6.7. The excess intersection bundle over double twisted sectors when either g,h, or 
(gh)~ is the identity, is the zero bundle. 

One other useful formula that follows from Proposition 14.21 relates the rank of the excess 
bundle over a double twisted sector and the rank of the excess bundle over the double twisted 
sector obtained inverting the automorphisms that label the sector: 

rk(75 ( y i9 -i h -i ) ) = codim(Xi) + codim(X 2 ) + codim(X 3 ) - 2codim(F) - rk(_B ( y ig>h) ) (6.8) 

Let (Y, (g, h, {gh)' 1 )) be a double twisted sector in l2(Mi,n), and let H be the group generated 
by (g, h, (gh)' 1 ). We want to study NyX and -ff 1 (C, Oc) as representations of H. 

6.b The Excess Intersection Bundle for A4i >n 

We have seen in Remark l5,6l what are all the possible couples of automorphisms that correspond 
to non empty connected substacks of l2(A4i,„). Thanks to Corollary 16.71 the double twisted 
sectors whose excess intersection bundles have non zero rank are those labelled by: 

(e 2 , e 2 , e 2 ), (h h -1). (e> e, e ), (e, e 2 , -1) (6.9) 

up to permutation and involution. The top Chern classes of the excess intersection bundles for 
Aii : „ are always or 1, since the coarse moduli spaces of the double twisted sectors labeled 
by these automorphisms are points. 

The rank of the excess intersection bundles for the twisted sectors labeled by 16.91 can be 
given thanks to formulas 16.61 and 16.81 

Proposition 6.10. In the following table we list the ranks for the excess intersection bundles 
over all the double twisted sectors (Z,g,h) of M\, n , such that g,h and gh ^ 1: 
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(-i, -i) 





fee) 


cr 


2 
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fee 2 ) 




1 


fe,e 5 ) 






Remark 6.11. Corollary 16.71 together with the proposition above, tells us that a lot of top 
Chern classes of excess intersection bundles are 1, namely all the top Chern classes of excess 
intersection bundles whose rank is 0. Moreover it is obvious, after Proposition 14.71 that all the 
rank 3 or 5 bundles must contain at least one trivial subbundle of rank 1, this implying that 
the top Chern classes of them must be zero. 

Now we want to compute explicitly the excess intersection bundles and their top Chern 
classes for _Mi, n . The following two propositions give the result we need in this direction. 

Firstly, we give the decomposition of H 1 (C,Oc) as a representation of H in the cases 
corresponding to non ranks in Proposition 16.101 Here 4> n is a generator for /x^, the same 
chosen in Section [4. bl As in that section, we indicate with {<fy the one dimensional complex 
vector space endowed with the action of <f) n £ fJ-n given by the product by (/>„. 

Proposition 6.12. Let H be generated by two elements g,h as in \6.1(A Let C — > P 1 be the 

H — covering associated with the generators g,h (see Construction 1 6. I\) . We study H (C,Oc) 



as an H— 


representation. 






• 


H = 


g = e 2 ,h = 


= e 2 , then H 1 ^, Oc) 


= fe>, 


• 


H = 


g = e 4 ,h = 


= e 4 , then H^COc) 


= fe>, 


• 


H = 


fn: g = i, h — 


i, then lf-{C,Oc) = 


(<>, 


• 


H = 


^6/ g = e,h = 


e, then H*{C,O c ) = 


feefe), 


• 


H = 


fi 6 : g = e,h = 


e 2 , then H^COc) = 


= <€>• 



Proof. This is a direct computation which uses the tools developed in [23]. We work out the 
case of g = i,h = i, (gh)^ 1 — — 1. We use the notation introduced in [23]. In particular we 
write <f>4 for the one dimensional representation that corresponds to the multiplication by i. 
For the reduced building data ([23] Proposition 2.1]) we write: 



Hence L 04 = 0(1). 

Now we have to compute L^i . Again, with the same notation as in section 2 of [23] we get: 



And so: 



= 1; m£'*<=3; m£'*« = 1. 



£ M4,04 _ Q. £ M4,04 _ 1. £ M2,04 
04,04 ' 04,04 ' 04,04 
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In this way we can then compute: 

Lj,2 = Z/<£ 



+ La 



<t>i 



So L A 



J 4>4. 



0{l). 



Finally, we have to compute L+3 . Thus we write: 



and: 



,M4,<#>4 



^4,04 



= 1; 



,M4,04 



M4.04 
<t>l,<f>\ 



= 3; 



,M2,04 



(M2,0l) 



= 0. 



M2 ,04 



So that we can finally compute: 



D 



<t>i 



SO La 



0(2). 



As a corollary of Lemma 4.3 in [23] we obtain the following /14-equivariant decomposition: 

H\C, O c ) = H°(C, K c ) = H°(P\ K r i ) © JT°(P\ K r i + L 4 -i ) 

4,^1 

where /X4 acts on H°(P 1 ,.Kpi +L^-i) via the character 0. From the computations given above, 
the genus of C is 1 and the character of the 1-dimensional representation is ^4. Hence it is a 
one dimensional vector space, where i acts as the multiplication by i itself. □ 



With all this, and thanks to Proposition 14.71 we can compute the excess intersection bundles 
and their respective top Chern classes. We know already that, among the list of couples of 
automorphisms of Proposition 16.101 the rank 3 and 5 bundles have top Chern class zero (see 
16. Among the vector bundles having rank greater than zero, we can prove: 

Corollary 6.13. In the table \6.1(k the top Chern classes of all the excess intersection bundles 
(which are all line bundles) corresponding to the couple (e 4 ,e 4 ) are zero. The top Chern class 
of the excess intersection bundle that corresponds to the couple (e, e) ( of rank 1 ), is zero too. 



Proof. From Proposition 14.71 and Proposition 16.121 it is straightforward to see that all the 
excess bundles mentioned in the statement contain a trivial subbundle, forcing their top Chern 
class to be zero. □ 

So we are now left with three rank 1 excess intersection bundles, whose top Chern class in 
non zero nor 1. In the following diagram and in the following lemma, we identify the isomorphic 
spaces in order to simplify the notation for the projection maps. 




Where a can be 4 or 6. Remember that • is the gluing point. 
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Corollary 6.14. The only top Chern classes of the excess intersection bundles over double 
twisted sectors of M\, n which are not nor 1 are: 

1. (Cg™' , (e 2 , e 2 , e 2 )) — B^ 6 x Mo,nu», where the top Chern class of the excess intersection 

bundle is -pl(ip.) = — p*(i>n+i); 

M4 x A^o,nu«, where the top Chern class of the excess intersection 

bundle is —p$(ip.) = —p*(ipn+i); 
3. (Cg™' , (e, e 2 , — 1)) = _B,j 6 x A^o,nu«, where the top Chern class of the excess intersection 

bundle is -pl(ip.) = —p*(i>n+i). 

Proof. The fact that all the other top Chern classes are zero or one follows from all the consid- 
erations in this Section. In particular, we have observed in the beginning of the section that the 
excess intersection bundle that may have top Chern class different from 1 are listed in 16. 101 In 
Remark l6.11l and in Corollary 16 . 1 3 1 we have computed the top Chern class of all the remaining 
cases to be zero or 1. 

The result stated then follows as a consequence of Proposition 14.71 Proposition 16.121 and 
the definition of the tp classes that we gave in Section 12. cl □ 

Note that when n = 2 the top Chern classes in Corollary above are too, because the sectors 
involved are all points. 

To conclude, we summarize the result we have obtained in this section: 

Theorem 6.15. All the top Chern classes of excess intersection bundles over all double twisted 
sectors are explicitly given. They can be: 

1. either 1, for all the sectors listed in Proposition \5. 7| such that one of the three automor- 
phisms of the labeling is 1, 

2. or again 1, for some of the sectors in the list \6.1(A mentioned in Remark \6.11[ 

3. or 0, for some of the sectors listed WITOi as discussed in Remark \6.11\ and in Corollary 

EH 

4-. or a pullback of a ip class over a component A4o,n, for the the remaining elements of the 
Hst \6.1tA as in Corollary \6.14\ 

7 Pull— Backs and Push— Forwards of Strata to the 
Twisted Sectors 

In order to compute the Chen-Ruan product, one has to compute pull-backs from the twisted 
sectors to the double twisted sectors and push-forwards from the double twisted sectors to 
the twisted sectors. Thanks to Corollary 16.71 it is necessary and sufficient to compute the 
push-forward and the pull-back between twisted sectors of the Inertia Stack. 

In this section we fix n and call X :=M\, n - Let (Y, g) be a twisted sector of X, and 
/ : Y —¥ X be the closed embedding of the twisted sector. 

Lemma 7.1. The cycle map: 

A*(Y,®)^ H 2 *(Y,Q) 

is a graded ring isomorphism. Moreover the Chow ring of all the twisted sectors is generated 
by divisors. 
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Proof. All the factors of all the twisted sectors have Chow ring isomorphic to the even cohomol- 
ogy. The cohomology ring of Mo t n is generated by divisors due to the work of Keel [18]. The 
spaces Ai, A2, A3, A4 all have coarse moduli space isomorphic to P 1 , hence their cohomology 
is generated by divisors. □ 

We can now state and prove the result announced in the introduction. For some of the 
results needed in the proof we refer to the following two subsections on pull-back and push- 
forward. 

Theorem 7.2. The Chen-Ruan cohomology ring of Mi,n is generated as an H* (Mi,n,Q)- 
algebra by the fundamental classes of the twisted sectors with explicit relations. 

Proof. We first show how the algebra is generated by the fundamental classes of the twisted 
sectors. 

We will prove in Corollary |7.7l that /* is surjective. Let now (Xi,g), (X2, h) be two twisted 
sectors of Mi t n- Then, as a consequence of Corollary 15.81 (Xi,g) Xx (X2,h) is connected, and 
hence a double twisted sector of I2 {X). Let (Xs,gh) be the twisted sector of I(X) that corre- 
sponds to gh, and we call /, the closed embeddings of Xi in X. Let ot\ £ H* ((Xi, g), Q), Q2 £ 
H* ((X2, h),Q). We want to compute ct\ *cr ol2- We call di two liftings of Qi to H*(X, Q) 
obtained using the surjectivity of /j. Let pz : (Xi,g) Xx (X2,h) — > (Xs,gh) be the third 
projection of the double twisted sector as in Formula 15.51 Let E be the excess intersection 
bundle on (Xi,g) Xx (X2,h), and 7 :— P3*(c top {E)). Then we have: 

ai *cr 0L2 = (di * d 2 ) * * l(x 2 ,h) = fS (di U d 2 ) U 7 (7.3) 

and this already proves the generation claim. Now we explain how the relations are found. 

In l7.19l we fix a candidate, for every couple Xi, X2 of twisted sectors, of a cohomology class 
P = f3((Xi,g),(X 2 ,h)) e H*(X,Q) such that p 3 * (c top (E)) = ,f 3 *(/3). Finally, we obtain the 
formula for the Chen-Ruan product: 

ai *cr OL 2 = /|(di Ud 2 U/3) = &{{Xi,g), (X 2 ,h)) * C r l(x 3l9 h) (7.4) 

where we have posed a ((Xi, g), (X2, h)) := d\ U c?2 U /3 ((Xi,g), (X2, h)). Therefore, the task 
of finding all the relations is accomplished once a class /3 £ H* (X, Q) is fixed for all the couples 
(Xi,g), (X2,h) fsee !7.19|l and the association: 

(X 1 ,g),(X 2 ,h) -> (X s ,gh) 

is known (see l7.c|l . 

□ 

We observe that the same identical result would hold for the stringy Chow ring (see [T], [2]) 
if we would have deveolped its definition instead of that of Chen-Ruan cohomology. Moreover, 
assuming Getzler's claims [2.111 and 12.121 one can obtain a description of HcR(A4i tn , Q) as a 
Q-algebra as a consequence of Theorem l7.11l 
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7.a Pull-Backs 

Let now (Y,g) — (Z Il ' "' Ik , g) be a twisted sector of A4i,„ (see Theorem 1 3, 2 2 1 . Let / : F — >• 
.Mi,n the restriction to Y of the natural map from the Inertia Stack to Mi, n - 
We want to study the pull-back morphism: 

/• : H*(M^ n ,Q) -» H*(Y,Q) 

The main results of this section, are: 

1. the explicit description of the pull-back of the divisor classes of M\, n (Theorem I7.6|) ; 

2. the pull-back morphism /* is determined by its restriction to the subalgebra of the 
cohomology generated by the divisors (Theorem 17.1111 . This last result depends upon 
Getzler's claims |2~TT1 and I2T21 



Note that while point (1) is enough for proving our main result I7.cl as a consequence of 
point (2) we can actually describe Hc R (Aii, n , Q) as a Q-algebra. 

Let us first compute the pull-back morphism for the divisor classes. Here we identify 
the twisted sector Z 1 '"'' Ih with the product of Zx Aio,li+l x . . . x M.o,i k +\, and thereforqj 
A*(Z Il '-' Ik ) = h 2 *^ 1 '"' 1 ") with A*(Z) x A*(M 0Jl+1 ) x ... x A*(M ,i k +i)- As usual (see 
2.c[) . the projections onto the factors are called p,pi, . . .pk- The notation for the divisors in 
Aii,n is explained in Notation 12 J 



Proposition 7.5. The pull-back f*(Di rr ) is zero when the base space is C a , for a — 4 or 
a = 6. 



1. It is \[pi\ x [wMo,n+i], when the space is A\ 

2. It is \[pt] x [jMo./i+i] x [A^o,/ 2 +i]j when the space is A2 11 ' 12 ; 

3. It is 3[pt] x LMo./i+i] x [A-lo./a+i] x [Mo,i 3 +i], when the space is A3 11 ' 12 ' 13 ; 

4. It is 3[pt] x [jMo.ij+x] x [Mo,i 2 +i] x [M0J3+1] x [A^o,/ 4 +i], when the space is A/ 1 ' 12 ' 13 ' 14 ; 

Proof. Here the intersection of the loci inside Mi, n is transversal, and therefore the intersection 
is the set theoretic intersection. Another way to compute this, is by using Theorem 13.341 □ 

Let M C [n] with |M| > 2. We describe the pull-back f*([D M }) (see 1231 for the notation). 
If M C [7i] we call Am £ A 1 {Mqj 1 ) — H 2 (A4o,i 1 ) the divisor whose general element is curve 
with two genus components and M marked points on one component and Ji \M on the other. 

Proposition 7.6. The pullback f* is zero whenever M is not contained in any of the U 's. If 

it is contained in (wlog) I\, then there are two cases. If M is a proper subset of I\, then 

f* ([Dm]) = [Z] x A AI x [A?o,/ 2+ i] x ... x [Mo,i k +i] 
Otherwise, if I — M, then: 

r([D M ])= P *i(-ipi+i) 

Proof. One simply observes that when M is strictly contained in ii, then the intersection is 
proper. When M = Ij there is an excess intersection whose result is obtained thanks to Lemma 
14.91 Another way to see the same result is by using Theorem 13.341 □ 



3 see Lemma 17. II for the next equality 
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Now a corollary of our description of the pull-back morphism, gives us a very important 
theoretical result: 

Corollary 7.7. The morphisms /* : R*(Mi, n , Q) — > A*(Y,Q) are surjective. The same holds 
for the induced map in cohomology. 

Proof. Thanks to Lemma |7. II it is sufficient to prove that the morphism /* : R 1 (Mi, n , l Q) — > 
A 1 (Y, Q) is surjective. The Kunneth formula allows us to reduce the problem to proving 
that one can obtain all divisors of each single factor of each twisted sector by pull-back from 
R^M i, n ). The set of the divisor classes described in Proposition 17.61 suriects onto A 1 (Y,Q). 

□ 

Another way to express this result is: 

Corollary 7.8. If Y is a twisted sector, then the cohomology H*(Y,Q) is an H*(Mi, n ,Q)- 
module generated by the fundamental class [Y] . Indeed H* (Y, Q) is cyclic also as an R* (-Mi, n )- 
module, or as a module over the subring of the Tautological Ring generated by the divisors. 

Now we deal with point (2) (see the beginning of this section). Getzler's claims [2.111 and 
12. 121 imply the following: 

Claim 7.9. (Getzler) If we write the cohomology ring H*(Mi, n ) = H cvcn [Mi, n ) H odA (Mi >n ), 
then: 

R*(Mi, n ) £ RH*(Mi, n ) = H cvcn (M!, n ) 

Remark 7.10. The difference between the Chow ring and the cohomology ring here is mainly 
that in the second case we have a canonical candidate for a splitting of the ring into two parts: 
a tautological one and a "purely non tautological" one. Namely, the decomposition is simply 
the decomposition into even and odd parts. This is the main reason why we choose to describe 
everything in terms of cohomology instead of using the Chow ring. 

It is clear that the pull-back morphism /* is zero when restricted to the odd cohomology 
classes. Hence to study /*, it is enough to study its restriction to the Tautological Ring. 
Now we state the following theorem: 

Theorem 7.11. (depends upon claims Ul.ll\ and \2.1iHil The pull-back morphism f* is deter- 
mined by its restriction to the subalgebra of H* (Mi, n ,Q) generated by the divisors. 

We want a description of the cycles that are not in the subalgebra of the Tautological Ring 
which is generated by divisor classes. Let B be the class of the point of .Mi, 2 given by the 
following picture. Note that B is a boundary strata class: 





2 



Figure 3: Necklace cycle in M.i t 2 
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Definition 7.12. Let Ii U I2 be a partition of [n]. We define the 2-necklace B 11 ' 12 , following 
US P.2], by: 

ji,2«(p*(B)) 
where the maps fit in the following diagram: 

Ml,2 X X Mo.n+i — — ^ Ml, n 

p 

Ml,2 

and j'1,2 is the gluing map defined in Section \'2.c\ (Note that in [3] it is called banana cycle) 

Lemma 7.13. A boundary strata class that is not in the subalgebra of the cohomology generated 
by the divisors is a closed substacks of a 2-necklace cycle. 

Proof. See [3] for a proof of this. □ 

Lemma 7.14. The square of Dt rr (Notation \2.b\) is zero in the Tautological Ring of M\, n , for 
every n. 

Proof, (of Theorem 17. 11[) Thanks to Lemma [7.13l all that we have to prove is that the product 
of a necklace cycle [B 11 ' 12 ] and [V] vanishes. We use Corollary 13.371 There, we have expressed 
explicitly Y as a linear combination of product of divisor classes in .Mi.n- The product of B 11 ' l2 
with all the summands that contain a factor _D; rr is zero, thanks to Lemma ^. 141 (because B 11 ' l2 
is a substack of the Di rr in Mi, n )- All the other summands are easily checked to have product 
zero with the necklace cycle, because the set theoretic intersection of the substacks of Mi. n 
that they describe is empty. 

□ 

7.b Push-Forwards 

We now start studying the push-forward morphism. Let: 

g:Z^Y f:Y^X 

be respectively the inclusion of a double twisted sector in a twisted sector and of the latter 
twisted sector inside X = A4i,„. We do not write the automorphisms that label each twisted 
sector. 

We study the induced push-forward morphism. We start with the case Y =Mi, n itself. 

Lemma 7.15. The push-forward morphism /» : A*(Z,Q) — > A* (Mi, n ,Q) has image in the 
Tautological Ring. The same holds for the induced map in cohomology. 

Proof. Thanks to Corollary 17.81 one has only to prove that the fundamental classes of the 
twisted sectors belong to the Tautological Ring. 

The fact that the base spaces (see Definition 13.21 1) Z belong to the Tautological Ring was 
proved in 13.341 Now to prove that all the twisted sectors Z k belong to the Tautological 
Ring, one observes that (a similar argument was used in Corollary I3.37[) : 
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1. Let jk be the morphism described in Section l2.cl Then jk* {Mx,k X Moji+i x ... x 
A4o,i k +i) is in the Tautological Ring by the very definition of it. 

2. Suppose without loss of generality that 1 6 Ii, ■ ■ ■ k € Ik, and 7T{! . fc j be the forgetful 
map. Then 7r|i ^(.Mi^k) is in the Tautological Ring, since the latter is closed under 
pull-back via the map it (Remark 12. 4[) . 

3. The Tautological Ring is by definition closed under the cup product, and Z 1 ' is 

exactly the product of the two classes constructed in the points 1 and 2. 

□ 

Now, the two lemmas 17.71 and 17. 151 give meaning to the definition: 
Definition 7.16. We define the Orbifold Tautological Ring of Aii >n as: 

• Rc R (Mi, n ) ■= R*{Mi, n ) © ® H*((Xi,gi),Q) as Q-vector space, where Xi are all the 
twisted sectors; 

• the graduation is inherited by Hcn(Mi >n , Q); 

• the product is the product *cr restricted to the previously defined rationally graded 
Q- algebra. 

We want to show how can be obtained as a pull-back of a class in X in a canonical 

way. 

Definition 7.17. If a — 4 or a = 6, we define Ca via the following pull-back diagram: 

C< ^Mi, n 



Note that the equality: 



□ 

C a C *M 



[C* a ] = ~Di 
a 



7Tl 



holds in the Tautological Ring of Mi, n - 

Proposition 7.18. With the notation introduced in this section, for Z a double twisted sector 
and Y a twisted sector, there is a canonical choice of W closed substack of Mi, n , such that 
g*([Z])=f*([W]). 

Proof. The only cases are, thanks to Proposition 15.71 

1. it happens that Z = Y or Y — X. In all these cases we choose [W] = [X]; 

2. either Z = cl™' for a — 4,6 and Y =Ai'™ . In these cases we choose [W] := [C£]; 

3. or Z = Cl 1 '' 2 and Y ^M 11 ' 12 . In these cases we choose [W] = [CI]. 

One can easily check that these are all the cases that occur, and that all intersections are 
transversal. □ 

We have just fixed the cohomology classes that represent via pull-back the push-forward of 
all the fundamental classes. This choice determines the top Chern class of the excess intersection 
bundles via projection formula. 
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Corollary 7.19. Let now E be the excess intersection bundle over the double twisted sector 
Z. Once the choice of \7.18\ is fixed, a cohomology class f3 on A4i,„ is determined such that: 

g*{c t o P {E)) = /* OS) 

Proof. If the top Chern class of E is zero, we choose /3 := 0. When the top Chern class is 1, the 
choice of Proposition 17.181 determines the class /3 of this corollary too. The list of non trivial 
top Chern classes of excess intersection bundles (non zero and non 1), is given in !6.14l So, if the 
top Chern class is a ip class, there are only two possibilities: either the double twisted sector 
Z is isomorphic to the twisted sector Y (case 1 of Corollary I6.14[) . or Z = cl"' and Y = Ai'"' 
(cases 2 and 3 of Corollary 16. 14 1 . In the first case, we choose /3 := Dt n ] (see 12.61 for the latter), 
and in the second case we choose 

:= D [n] U [CI] 

where [C^] was defined above. □ 



7.c Products of the fundamental classes of the twisted sectors 

If Xi,Xj are twisted sectors, we have understood in Theorem 13.251 that, in order to determine 
the Chen-Ruan product structure, we need to compute all the products lx t *cr ■ 

Remark 7.20. An explicit computation of all intersections of twisted sectors, shows that 
besides the orbifold intersections of the kinds (lx ; , ct) * (Ixi , P), and besides the trivial products 
IjMi * lxi , the only pairs of twisted sectors whose fundamental classes give rise to non zero 
Chen-Ruan products are in the following list: 

1. ((Zr In] ,-i),(ci n] ,*/-i)); 

2. ((^ w ,-i),(c'"), e A 2 A 4 A 5 )); 

3. ((^•^-l),(<7i l ' J V/-0)- 

We now compute the products of the pairs just described. Here if (X, a) is a twisted sector, 
we write H*((X, a), Q), which is a direct summand of HQ R (M ltn , Q) with its own graduation. 
In other words, we assume implicitly the inclusion 

i : H*((X,a),Q) C H* CR (Mi, n ,Q) 

shifts the degree by twice the age of (X, a). As usual, — p*(ipm) is the Chern class of Corollary 
l6~l"4l and Theorem l6~l"5l 

Corollary 7.21. With our usual notation for the twisted sectors, and with the notation intro- 
duced above, here is the explicit result of all Chen-Ruan products described in Remark \7.20[ 

1. [{c [ r\i)]*cR[{M {n \~i)]=p\{-^.) eH\{c [ :\~i)M; 

2. [{C [ :\-i)\ * C r Pi'" 1 ,-!)] = [C[ n] ] e H°((cM,i),Q); 

3. {(C^\e)]*cR{(Ai ln] ,~l)}=pl(~4>.) eH 2 ((C^ ] ,e 4 ),Q); 
I [(C^,e 2 )]* CR [(Al ln] ,-l)]=pl(-i>.) eff 2 ((cW, £ 5 ),Q); 

5. [(c|" ] ,e 4 )]*c«[(^ W ,-l)] = [4")] Gtf°((ct ] , e ),Q); 

6. [{ct\e*)\*cR[(M {n \-l)] = [ct ] ] etf°((ct ] , e 2 ),Q); 
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7. [(A 2 ilii2 ,-1)] * CR [(C^-'V)] = € ff 2 ((C 4 7l ' 72 ,-i),Q); 

«. P^ 1 ' 13 , -1)] *cr [(Ci l ' l2 ,-i)] = [C 4 7lj2 ] G H 2 ((c£' l2 ,i),Q); 
Corollary 7.22. With our usual notation for the twisted sectors, and with the notation intro- 
duced above, here we have all the products of the kind (lx i5 ct) * (lxj,/?)-' 

1. [(X,a)}* C Rl(X,a- 1 )] = lX] e H*(Mi,„,Q); 

2. [{Ct\i)]* CR [{C [ ?\i)]=vl{-^)n[Ct ] ] £H\(Al [n \-l),Q); 

3. \{G [ :\-i)] * C r [(C™,-i)] = [Cf 1 ] e H 2 ((A7 W ,-1),Q); 

4. [(Ci 1 ' I M)]* GR [(C I 4 lA ,i)]=o eH\(A 2 Ilj2 ,-i)M; 

5. [{c^'\-i)] *cr [(cf.-i)] = [cl 1 ' 1 *] g H 2 ((M Ilj2 ,-i)M; 

6. l(C™,e)} *cr l(C^,e)] = G // 4 ((C 6 nl , e 2 ), Q); 

7. [(0W £ )] *c« [(C^V)] n [Cf ] ] G i/ 4 ((AT W ,-l),Q); 
S. [(Cg" 1 ,,)] *c* [(<#V)] = G # 4 ((ctV),Q); 

5. [(C*V)] [(cf.e 2 )] =rtHM e ff 2 ((C*V),Q) ; 

JO. [(cW,e 2 )]*c« [(cfV)] = P I(-V.) 6 ^(((7^,6), Q); 

[(<#V)] * C r [(Ct ] ,e 4 )] = G tf 2 ((c£V),Q); 
JJ?. [(C7f ] ,e 4 )] *c* [(C^,e 5 )] = [Cf ] ] G H 2 ((3T Inl , -1), Q); 
JS. [(cM 1 e 5 )]*c«[(C| n] )e 5 )] = [C|r 1 ] €fl°((CW,e 4 ),Q); 

1^. [(Cg 1,72 ' 73 ,e 2 )] *cb [(Cg 1 ' 12 ' 73 ^ 2 )] = G ^((Cg 1 ' 72 ' 73 ^ 4 )^) and the resuZt still holds 
when Is — 0; 

15. [(Cg 1,72 ' 73 ,e 4 )] *cr [(Cg 1,72 ' 73 ,e 4 )] = G H 2 ((Ce ul2 ' h , e 2 ), Q) and the result still holds 
when Is — 0; 

Moreover, the product of two fundamental classes of twisted sectors that do not belong to this 
list, nor to the one of Corollary \7.21\ is zero. 

8 Examples 



8. a The Chen-Ruan cohomology ring of M.\ t \ 

With our notation, the product in Mi,i becomes: 



*CR 




(C 4 ,i) 


(C 4 , -») 


(C 6 ,e) 


(C 6 ,6 2 ) 


(C 6 , £ 4 ) 


(C 6 ,e 5 ) 






(C 4 ,-i) 




(C 6 ,6 4 ) 


(C 6 ,e 5 ) 


(C B ,e) 


(C 6 ,e 2 ) 


(C 4 ,i) 




C 4 < Ai 


C 4 < 














(Ci, -i) 






d < A 1 














(Ce.c) 











C 6 < 





C 6 <Mi,i 


(C 6 ,e 2 ) 










(C 6 ,e 4 ) 


C 6 <Mu 


(Ca,e) 


(a, e 4 ) 















C 6 <Ai 


(a, e 5 ) 














(a,e 4 ) 
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Here A < B means the fundamental class [A] of A inside the cohomology of the space 
B. 

We can explicitly write the inclusion: 

H*(M hl ,Q) ^ H* CR (Mi,i,Q) 

as: 

QM q[xo,y ,zo] 

(t») (x 2 -l,2y%-3zly zo) 

t ->■ 2x yl 

Where a; = [A 1 " 1 ], Vo = [Ca, -i], and z = [C 6 , e 5 ]. 

8.b The Chen-Ruan cohomology ring of Aiip 

We first review the result for the age of the sectors in the Inertia Stack: 



Sector Age 


Sector Age 




{Cf\e) § 


(Aa.-l) 5 


(<?M 1 




(C7^,e 4 ) 1 


(c^.-o § 




(Ci.i) f 


(a, a i 


(cs,-o ! 


(a,e 4 ) i 



Note that in Mi,2 the double twisted sectors either involve the identical automor- 
phism, or are of dimension 0. As a consequence, the top Chern class of the excess intersection 
bundle can be either 1 or 0, respectively when the rank of the bundle is or greater than 0. 
In the following table we denote X := Mi, 2. 





-1 -1 






i 


— i 




€ 


e 4 


e b 


e 2 


e 4 


All, 2 






el 2 ' 








c [2] 


c [2] 


c [2] 








Xfl™] < X 





(of>.«> 












(ol 2 !,.) 


<4 2 l, e 2 ) 








P*2. -1) 


A2"< X 









(ci.O 


























4 2 ' < x 
























Co?].-*) 






cfl < — I" 









jzr 

























c' 4 < X 




















(04. - ; ) 






























(of!..) 





















4 2] < * 








Ccf',.*) 

















4 21 < - 


(Of..) 



























4 2 i < — H 

























































c£ < X 
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We can explicitly write the inclusion: 



H*(Mi,2,Q) ^ Hc R (Mi,2,Q) 



as: 



Q[*o,*i] 



Q[xo,yo,Zo,x 1 ,y ly w} 



(tg,*o*i + 12*?) 




where I is the ideal defined as: 



/ := (xly , 6xq + yl, x 2 zo, izo - 2y 2 , 2/oZo 
x\yi,2x\- 3j/?,9xo + Xi, 



a; a:i , xoj/i , xij/o, 3/o3/i , WCi , z yi 
wio, wyo, wzo,wxi,wyi,w 3 + Axq) 



The generators for the ordinary cohomology are taken to be to := Si rr and ti := 61,1,2 ■ 

The generators for the Chen-Ruan cohomology are taken to be xo = [Ai ], Vo = [C^\ —i], 
zo = [Cf ] , 6 5 ] , y = \M] , Vl = [(% - i] and u = [C e , e 4 } . 

8.c The Chen— Ruan cohomology ring of M.\^ 

From now on we use a uniform notation for the spaces Z 11 2 ' 3 ' 4 (i.e. all the base twisted 
sectors of Theorem 13. 161 and Definition 13, 21 1 will be referred to using the notation of Definition 
13.211 see Remark I3.23[) . To simplify the notation, we write (for example) C^ 1 ''!* 2 ''!* 3 ! for 
Cg 1 ' 12 ' 13 . We make an analogue convention for all the twisted sectors, since all the ones 
collected under the same name act in a similar fashion (for instance, they have same age). 
There is no ambiguity nor loss of information in the tables, since two sectors with different 
superscripts have empty intersection (example: C4 1 ' 2 ' 3 ^'^ 4 ^ n C^ 3 ' 4 ^ 2 ^ = 0). Moreover, the 
same general rule holds for the intersection of two different kinds of sectors. We present an 
example. With the contracted notation, the expression: 



V ,a nC!i' a =C\ 



means: 




■{i},{j,k} _ r {i},{j,h} 



™*>, where k} = {1, 2, 3}; 
whenever {i,j} 7^ {*',,?'}• 



-7-{i},{jM 

• A2 



>{i'},{i',*'} _ 



3G 



Sector Age 


Sector Age 


V x ' ' 2 


(Cf,e 2 ) 1 


(M l ' 2 ,-l) 1 


(Cf,e 4 ) 1 


1 




(Cf.i) I 


(<#V) | 








(Ce 1 ' 1 ' 1 ,^) | 


(C 1 ^) 1 


(C^'V 4 ) | 







We adopt the same notation as in the case of Aii,i for the < and we define X =Mi,z. We 
need the following divisor class several times: ip4 PI [Mo,4]. If 

i : Xi — > Mo,4 x 4 

is an isomorphism (A, is a twisted sector), then we call 6 the class i* {—ip4, Pi [.Mo, 4] x [A]). 
Note that G ^(X;). 





-1 -1 












. 2 


e 4 


«<> 


All, 3 


ATM Aji- 2 


[3J 


C 13J 


C 4 


C 4 


c h 






c [3] 


(37N,_i) 




e < (cf 1 , - 


) (cf 1 , .) 


J2f 







e <atW[' 




(4 3 ), E 2 ) 


(A? 1 - 2 ,-!) 


Aj 1 ' 2 < X 



























e <— M 


< X 

























cfl < atH 



















(C]' 2 ,i) 











cl' 2 < X 













(C^ 2 ,-*) 












































cl 3 ) < X 


«#>..») 














' < (of 1 ,. 


*> 4 3 i < x 


«4 3 U 


«f' ,«*) 



















4 3 ) < atI"! 


(4 3| - s ) 


















(4 3 ), e 4 ) 



Ml,3 


(3? lM ,-i) 


(C^.O (C^, e 4 ) (C^'V) (C^'V) 


(^S-l) 


A3 1 ' 1 ' 1 < A 





(<#V) 
(Cg' 1 ' 1 ^ 4 ) 




Cl' 2 < X 
(C 6 1,2 ,e 2 ) 

Ce' 1,1 < x 
(C 6 M '\e 2 ) 



8.d The Chen Ruan cohomology ring of -Mi 5 4 

We use all the conventions adopted in the previous section for ^1,3. We firstly review the 
result for the age of the sectors in the Inertia Stack: 
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Sector Age 


Sector Age 


Sector Age 


Sector Age 


(37 lnJ ,-i) \ 


(Cf,e) § 


(Cl 41 ,i) I 




{A^\-\) 1 


(<#V) 1 




(c 2 ' 2 ,e 2 ) I 




(C^.e 4 ) 1 


(Q 1,3 ,i) 2 


(<#V) | 


(As 1 ' 1 ' 2 ,-!) | 




(cl' 3 ,-i) i 


(<7 6 M, V) | 


Car- 1,1 - 1 ,-!) 1 


(^,e 2 ) | 






{cr-i) \ 









To write down the table of the product, we split it into four parts, all the other products 
being zero due to empty intersection of the twisted sectors: 

1. products of A/ 1 '' 2 and C 1 ^' 12 by themselves where i = 1,2; 

2. products of ~Al [n] by all Cf ] ; 

3. products of A/ 1 '' 2 by themselves, where i = 3, 4; 

4. products of Cg 1 ' 12 '' 3 by themselves. 

We write X := Mi,4- We need the following divisor class several times: ips n [wMo.s]- If 

i:Xi-¥ Mq,z, x 4 

is an isomorphism (A, is a twisted sector), then we call 6 the class i*(—ip5 Ci [.Mo, 5] x [A]). 
Note that 9 e ^(X;). 



1 


(AjH, _1) (j 4 2 1,3, _!) (j 4 2 2,2_ _ x) 






(C^' 3 ,») 




(Cj' 2 ,i) 


(Cj' 2 ,-i) 


(All"], 


-1) 


XfM< X 


»<( C f'- 


i) (cM.) 















-1) 


Aj 1 ' 3 < X 




















-1) 


A^ 2 " 2 < X 
















(c 2 - 2 ,.) 


(oS 41 


*) 






cl 4 l < X 














<cW, 


-i) 




















ic\' 3 


i) 











cl' 3 < x 








(ol- 3 , 


-i) 


















(c 2,2 


i) 















C 2 ' 2 < X 


<c 4 2 - 2 , 


-« 














C 2 ' 2 <A?< 2 



2 




(Ai lni ,-l) 


< (c'V) < (C^V) {Cf\e) (CfU 2 ) 



3 






As 1 ' 1 ' 2 < A 

< A 
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4 


( C i 4 i, E) (4 4 i, e '] 

Li u 


COL*J ie 4) (C l4J je 5 } 
Li . u 


(c' |3 , s j ) <c,;' 3 ,€ 4 ) (c 2 ' 2 , 

U Li . . u , 


c 2 ) (C 2 ' 2 ,, 4 ) 
, . 1 Li — 


Li 


<?) CoJ' l,3 ,« 4 ) 

: . 1 Li _ 


<4 4] 





< 


< X 














<4 4] . 


e 2 ) 




c [4] < X (C [4] o 














(4 4] . 


e 4 ) 




o cj 4 ' <— M 














to?. 


« 5 ) 




(4 4 i, e 4 ) 
















e 2 ) 






Cg' 3 < X 













e 4 ) 


















(C 2 < 2 , 


e 2 ) 









C 2 ' 2 < X 








(C 2 < 2 , 


e 4 ) 

















lay 


,« 2 ) 













cy <X 


toy 


,« 4 > 
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